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Abstract. We analyse the scaling limit of discretised random paths with curvature-dependent
action. For finite values of the curvature coupling constant the theory belongs to the
universality class of simple random walks. It is possible to define a non-trivial scaling
limit if the curvature coupling tends to infinity. We compute exactly the two-point function
in this limit and discuss the relevance of our results for random surfaces and string theories.

1. Introduction

The theory of random walks is important in many branches of physics. In this paper
we study a new class of random walks, where the action, or the transition function,
depends on the curvature. The theory of random walks with curvature-dependent
action has a long history in polymer physics [1, 2] and we have used the term ‘new’
above because we are interested in a particular scaling limit of the theory which turns
out to be different from the scaling limit of the ordinary random walk.

An important motivation for studying the theory of random walks with curvature-
dependent action stems from string theory. String theory is most naturally formulated
as a first quantised theory, i.e. a theory of random surfaces, and, as emphasised by
Polyakov 3], extrinsic curvature is likely to play an important role. The same con-
clusions were reached during the study of discretised random surface models which
could serve as rigorous regularisations of string theories {4-6]. The major problem in
these regularised random surface models was the non-vanishing of the string tension
at the critical point {4, 7]. In order to obtain a random surface theory with mass and
string tension vanishing at the same critical point it seems that one must have at least
two independent coupling constants that can be tuned simultaneously and there are
strong arguments in favour of an extrinsic curvature coupling as one of them [4, 6]
(see also {8]). It should also be mentioned that an extrinsic curvature term arises in
the action of stiff membranes [9].

Contrary to the theory of random surfaces with curvature-dependent action, the
corresponding theory of random paths can be completely solved, as we will show
below. It is noteworthy that the qualitative aspects of the theory are exactly what one
hopes for in the theory of random surfaces.

We now give a quick overview of our results. Let x(s) be a smooth path in R
The curvature of x at s is given by

B [xzxz — (x . £)2]1/2

k & (1.1)
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where the dot denotes differentiation with respect to the parameter s. The curvature-
dependent action of paths in the continuum is given by

S=BJ[£|“lds+AIk“2ds (1.2)

where «, and «, are positive real numbers. The functional integral corresponding to
S has been studied directly in the continuum by saddle point methods for large d
[10, 11]. A related problem is considered in [12].

We shall study the two most natural discretised versions of (1.2), i.e. random walks
in a hypercubic lattice and piecewise straight paths (random flight model). Our results
are of two kinds.

(i) Finite values of the bare coupling constant A (i.e. the value of A used in the
discretised models) do not change the statistical behaviour of the paths. For finite
bare A we have the same critical behaviour as for ordinary simple random walks, i.e.
the continuum theory defined at the critical point (B, A.), A.<0, is identical to the
one corresponding to (1.2) with A =0.

(ii) When the bare coupling A tends to infinity, the critical behaviour of paths
changes qualitatively. Tangent vectors to paths develop long-range correlations and
the two-point function has an anomalous dimension 5 =1.

For the lattice model we compute in this case the scaling limit of the two-point
function in a closed form in § 2. This two-point function only has the symmetry of
the hypercubic lattice, so special care has to be taken in order to get a rotationally
invariant theory.

The random flight model is considered in § 3. It is manifestly Euclidean invariant.
For this model the long-range correlation of tangents is (in the scaling limit) described
by diffusion on the unit sphere. In the lattice case the correlations of tangents can be
described by diffusion in a finite set, i.e. the intersection of the unit sphere in RY with
the coordinate axes. This is the reason for the special attention which one has to pay
to rotational invariance in the lattice case.

In § 3 we also compare our results with a class of random walks for which the
curvature-dependent term in the action is not scale invariant. The continuum limit of
these walks can be constructed and they all have anomalous dimension 7 =1. One of
these limits is the Ornstein-Uhlenbeck velocity process.

For the discretised random walk models we study here, the steps are notindependent
random variables. In the appendix we show that the generalisation of the central limit
theorem to the case of uniformly mixing random variables can be applied to prove
that for any fixed finite A the endpoint distribution for the walks is asymptotically
Gaussian.

Finally, in the conclusion, we compare the different scaling limits that we construct
and discuss the relevance of our results for random surfaces and string theories.

2. Random walk in Z*¢

In this section we consider random walks in the lattice Z°. When the action of the
walks is taken to be the natural lattice version of (1.2), we compute the Fourier
transform of the scaling limit of the two-point function in a closed form and discuss
its properties.
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Let e,,..., e; be the standard orthonormal basis for 2° Define the unit vectors
£ by f&=(—1)%,, where a =0,1. A random walk o in Z of length |w|=n is a
sequence of n+ 1 points xo, X;,..., X, € Z2¢ suchthatforj=0,...,n—1, x;,, — x; equals
one of the unit vectors f;.

We define an energy functional, A(w), for all random walks of finite length by the
formula

n

A(w)= Zza(xj—xj_,,xj_l—xj_z) (2.1
i=
where a(-, ) is a positive function which gives the action of individual steps in the
walk. For an isotropic walk, a(x, y) is only a function of the inner product x - y. This
is the case we shall be concerned with even though the general case might not be
devoid of interest and our formalism can be applied to it.
Our goal is to analyse the statistical mechanics of random walks with Boltzmann
factors exp(—A(w)). The lattice discretisation of (1.2) gives

B if x-y=1
a(x,y)=4¢B+2A if x-y=-1 (2.2)
B+V2A if x-y=0.
This is the case studied in [13]. It is convenient to introduce the notation
exp[—a(f’, f)1=1§" (2.3)
where
t if i=ja=p
1f={1 if i=ja#p (2.4)
t if i#]j

The two-point function, G(x, y), is defined by
G(x,y)= 2 exp(-A(w)) (2.5)

WXy

where the sum is over all walks w from x to y. It is clear that G(x, y) only depends

on x — y so we shall use the notation G(x, y) = G(x —y). The susceptibility y is defined
by

x(B)=% G(x) (2.6)

and equals £(1-£)7", where
E=1+1+2(d - 1)t5. (2.7)

The function G(x) is divergent for £>1 but finite for £<1. When we choose
coupling constants on which ¢ depends via the t,, we refer to the surface £=1 in the
coupling constant space as the critical surface.

We introduce the normalised expectation for random walk observables by

(Cn=x" Y ()G (2.8)

xeZ
The correlation function of tangents to the walks is easily calculated [13]:
g(n)={(x;—xo) - (x, = x,,))
=exp(—mn) (2.9)
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where

tl - tz
=—In| —). 2.10
m n( : ) (2.10)

There are two mass scales in the theory, namely m, given by (2.10), and w, the mass
appearing in the exponential decay of G(x) as x goes to infinity along a coordinate
axis. Roughly speaking, u is a measure of how long the typical walks are and m of
how straight they are. The mass p vanishes at any point on the critical surface, whereas
m vanishes when t,=t; =0. Thus, the scaling limit of the tangent-tangent correlation
function can only exist at t,=t;=0.
For the computation of G(x) we need to introduce some auxiliary quantities. Let
us define
GiB(x) = Y exp(—A(w)). (2.11)

w:0-x |w|=n
xl_x0=j?sxn-xn—1=f7
We have the recursion relation
Geh(x)= ¥ 3 G (x—fPyi. (2.12)
y=1k=1

Fourier transforming (2.12) we find

Grfila)= 1 ¥ Gr(@)if expliq- ff) (2.13)
¥y=1k=1
where
Gi#(q)= ¥ Gi(x)exp(-ig- x). (2.14)
xed
It is convenient to define a 2d X 2d matrix M(q) by
M(q)5® = 15° exp(—ig- f7). (2.15)
Similarly, we define the matrices G,(x), G(x), G,(q), G(q) by
G.(x)7’ = G (x) (2.16)
G(x)=37-1G.(x) (2.17)
G.(9)5° = G (q) (2.18)
G(g)= X G.(q9). (2.19)
n=1
Equation (2.13) implies that
Gnii(g) =M(q)"G(q) (2.20)
and hence
G(q) = (1-M(q))"'G1(q). (2.21)

The existence of (1~M(q))"' follows from the convergence of the sum (2.19) for any
g eR” provided £ <1. We therefore have

1 , iy
S =7n7 J{Omd dg exp(ig - x)(1-M(q))'G.(q) (2.22)
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which leads to a formula for the two-point function, since

G(x)= Y G(x)§. (2.23)
ija,B
Note that
G (x) = 88,40 o (2.24)
SO
GiP(q) = 8,8, exp(~ig- 7). (2.25)

From (2.22)-(2.25) one can derive a closed formula for G(x). We prefer to bypass
this formula in deriving the salient features of G(x) and instead write down explicit
expressions for the scaling limits of G(x).

In order to calculate w, the mass governing the exponential decay of G(x), it
suffices to find the pole of the matrix elements of é(q) which is closest to the real g,
axis, when g, = 0 for j # k. These poles are located exactly where the inverse of 1-M(q)
does not exist, i.e. where det(1-M(q))=0.

The matrix M(q) has a simple block structure, so this determinant is easily calculated
and equals

d (h—tz—COqu)> 4
2 ————————— h{g, 2.26
(1v2e & =) 1w 2.26)
where
h(q,-)=1+(tl—t3)2+(12—t3)2—2(t1—t;)cosq,-. (2.27)

For0<1—¢<«1and ¢, # 1 one can calculate from (2.26) and (2.27) that the determinant
is zero for

o 1-8 2 _
qk—il_———[%(”a)]m(l £)"+0(1-¢)

(2.28)
q=0 j#k

where §=1t,—1,#1 and we have for simplicity put 7,=1t;. If we define the critical
exponent of u, denoted by », by the formula

p~(1=£)" (2.29)

as ¢ 1 1, we conclude from (2.28) that » =5 except at the point t, =1, t,=t, =0, where
a more detailed analysis is required. It is easy to extend the argument above to show

that, for £ < 1, the power corrections to the exponential decay of G(x) are of Ornstein-
Zernike type.

We now turn our attention to the scaling limit. A scaling limit of G(x) can be
constructed at any point on the critical surface. For the sake of simplicity we take
1, =t; as above and write

t,=exp(—8)
t,=exp(—B —A).

The region in the (B, A) plane, where £<1, has the shape indicated in figure 1. We
choose a path, 8-> (A(8), B(8)), in the coupling constant space such that

Bu(B(60),A(8))=> py>0

(2.30)
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0 e,
p

Figure 1. The critical curve A = (B) in the (B, A) coupling constant plane. The curve
starts at the critical point (8, A) =(8,,, 0) corresponding to the ordinary random walk.

as 6-c0. Given yeR? we let 8 tend to infinity along a discrete sequence such that
6y € Z°. The scaling limit of G(x) is defined by

G*(y) = lim 697" "G (8y) (2.31)
if the limit exists. The exponent 7 in (2.31) is the anomalous dimension of the two-point
function.

Approaching the critical surface at some point different from ¢, = 1, one can check,

by a similar computation as the one that led to (2.28), that det(1—-M(q)) tends to 0 as
1—-¢ at ¢=0. By a short computation we then find

672 (1-M(87'q) ' > (g*+ ) T'M* (2.32)

as @ - oo, where M* is a calculable constant matrix. It follows now from (2.22), (2.23)
and (2.31) that

G*(x) = constant(—A+ u2) 7' (0, x) (2.33)

where A is the Laplacian on R i.e. the scaling limit is the usual Brownian motion.

We now turn our attention to the more interesting scaling limit at t, =1, t,= 1, =0,
i.e. B =0 and A =. We require the scaling limits of the masses m and u both to exist
and be finite, i.e.

lim 67" 1(B(8), A(6)) = s> 0

o (2.34)
gﬂo 'm(B(8),A(8))=m,>0.

It follows from (2.10) that
2d exp(—A(68))=m,/6 (2.35)
and from (2.28) one can see that we must let

1—exp(—B(8))=b6" (2.36)
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for some positive constant b. Now we are prepared to let 6 > . We obtain

lim 6(1 -M(g6™")) =A(q)

b+iq, -m -m
-m b-igq, -m .
| —m -m b+ig, : (2.37)
- b+iqy -m
-m -m b-ig,

where we use the notation m = m™*/2d. It is straightforward to compute the inverse
of A and from (2.20), (2.21) and (2.31) we obtain
2M ( _ d 2mM )'1

))

o d
G*(q)= Z “ M2+q2

m (2.38)
i=1 i

where
M=b+m.

The above calculation is easily generalised to the case t, # t;, but that case has no new
features.

We have now demonstrated explicitly that n = 1. If we exhibit the dependence of
the two-point function on the renormalised ‘masses’ M and m by writing G*(q; M, m)
and G*(x; M, m) instead of G*(g) and G*(x), then G*(6x; M, m)=
6791 G*(x; 6M, 6m). This is another manifestation of the anomalous dimension n = 1.
In [13] we used Fisher’s scaling relation to prove this fact, so now we have proven
Fisher’s scaling relation for the random walk model at A =0, 8 =0.

The formula (2.38) has several noteworthy features. First of all, it is nor rotationally
invariant and only has the symmetry of the original lattice. This is not surprising
because we are taking the scaling limit with the requirement that the correlation length
of tangents to the walk is finite and thus the continuum walks remember the lattice
structure since the tangents can only point in coordinate directions. The only place
on the critical surface where this can happen is (8, A) = (0, ®©) because at other points
the correlation length of tangents is zero.

From the condition ¢ <1 it follows that b> (2d —1)m, i.e.

M>2dm=m,. (2.39)
Hence
4 2mM
D(g)=1-) ———>0 .
(a) .-; M*+gq: (2.40)

for all g€ R?. The mass u, is given by the zeros of the function f(z) = D((z,0, ..., 0))
closest to the real axis, so

M—2dm \"?
ST T R
M-=-2(d-1)m

The mass that governs the exponential decay of G*(x) in directions different from
those of the coordinate axes is larger than u,, as can be seen from the structure of

the zero set of D(q). However, with a suitable anisotropic rescaling of x space, one
could obtain the same exponential decay in all directions and then G(x) would be

/J.*=M( (2.41)
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approximately rotationally invariant at large distances. This corresponds simply to a
choice of a norm, different from the Euclidean one, to define distances in x space.

Of course, one can construct a rotationally invariant two-point function by averaging
over the rotation group. In two dimensions it is easy to carry out the computation
and one obtains

. 27 dO . )
G*(q)= j ——G*(|q| cos 6, g| sin 6)
o 2w
B IMP+iq°
{g°(1=2m/ M)+ g [ Mu,+4(M —2m)*]+8¢° M (M = 2m) + 4M*u }'*
(2.42)
In the massless case, u, =0, this takes the simple form
L _L 2 23172
=—=0@2M +qg°)"". (2.43)
V2 4

In the next section and the conclusion we compare the above result with the rotationally
invariant two-point function constructed in the next section by Euclidean invariant
regularisation.

3. Piecewise linear random walks

In this section we consider a Euclidean invariant random walk with curvature-depen-
dent action. It is defined by the unnormalised transition amplitude

ﬁ("l,rz)=exP[_Bh(|rz|)"Af(9("1,’2))] (3.1)

where 6(r,, r,) is the angle between the two subsequent steps r, and r, in R h is an
arbitrary non-negative function on the positive real line with suitable growth properties
and f is a non-negative continuous function on [0, 7] such that f(0)=0 and f(#)#0
if 8#0.

Thus, the two-point function is given by

o0

G, (0,x)= 21 J dry...drey Po(r)B(ri,m) .. P(ra_,x—ri=ry—...—1,_))  (3.2)
where P, is the distribution of the first step, which may be chosen arbitrarily (however,
see the appendix).

For A =0 the central limit theorem for sums of independent random variables
implies that the continuum limit of Gz, is the free propagator, corresponding to
Brownian motion. For any fixed A >0 we prove in the appendix that the same
conclusion holds by exploiting a central limit theorem for weakly dependent random
variables.

Noticing the scale invariance of the second term in the exponent in (3.1), it follows
that the normalised transition probability P(r,, r,) in (3.1) can be rewritten in the
factorised form

1
Ny(A)

P(r, )= exp[—Bh(|r:))] exp[—=Af(6(ri, r2))] (3.3)

1
Ni«(B)
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where

N1(ﬁ)=J exp[—h(r)1}r|*"" dlr| (3.4)

Na(A) =[ exp[=Af(8(F), 72)] A7) (3.5)

#=r/|r| and dQ(?) is the uniform measure on S~ such that d‘r =|r|? " d|r| dQ(F).

Thus, expectation values of functions depending only on the normalised step vectors
7; with respect to the measure defined by P are equal to the expectation values (to be
denoted by (-),) with respect to the measure defined by the transition probabilities

PR 1 s oa
K, (F, rz)=meXP[—/\f(9(n, 7)1 (3.6)

if P, is chosen to depend on |r,| only, i.e. P, is rotationally invariant, which we shall
assume in the following.

In particular, the tangent-tangent correlation between the directions of the first
and the nth step is given by

(?1 ' Fn)A =j ?1 ' FnK/\(;ls ;2) v K/\(Fn—l);n) dQ(?l) . --dQ(’A'n)- (3-7)

More generally, expectation values of functions of the form fi(,)...f,(F,) are
given by

[ SaFda = J‘ HE) (P KR F) o KBy, £,) dQ(r) - dQ(r)

(3.8)

which yields an interpretation of the model, as far as these expectation values are
concerned, as a one-dimensional classical spin chain with transfer matrix K,.

The kernel K,(-,-) defines a bounded operator K, on the Hilbert space # =
L*(§%7") of square-integrable functions on §¢~* (with respect to dQ) by

(KMP)(;l):J K, (%), F)e(7,) dQU(Fy). (3.9)
The operator K, has norm 1. 1 is a non-degenerate eigenvalue with eigenfunction 1
and —1 is not an eigenvalue (see the appendix). For a € R?\{0} the function

e (F)=a-F (3.10)

is an eigenfunction of K,, since

(Ko )(F1) = J exp[=Af(6(F,, F,))]a- F, dQ(F) (3.11)

1
Ny(A)
considered as a function of a and 7 is invariant under simultaneous rotations of @ and

7, (since dQ is rotation invariant) and is linear in a. Denoting the eigenvalue of ¢, by
a(A), we obtain from (3.7)

(Fi - Fy=a(A)" neN (3.12)

and |a(A)] <1 for 0= A <o, according to the remarks above. Thus the correlation
length ¢(A)=(—-logla(\)D™' only diverges if |a(A)]>1. We shall now show that
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a(A)~>1, if A > 00, and that the corresponding scaling limit of the expectation values
(3.8) is given by Brownian motion on the sphere $¢7".
We start by proving that there exists a function A(n), n€N, such that

lim K3(.¢ =exp(—tL)¢ Yoe#, t=0 (3.13)

where L is the Laplace-Beltrami operator on the sphere %',

Since K, is a rotationally invariant operator, i.e. K, (OF,, OF,) = K, (F,, ,) for any
orthogonal transformation O : R? >R it follows that K, commutes with the orthogonal
group acting on ¥ by f- fo O. Hence K, has the same eigenfunctions as L with the
same multiplicity of eigenvalues. To be more precise, denoting by a,,/=0,1,2,...,
the eigenvalues of L in increasing order and by d, the multiplicity of «,, we may choose
an orthonormal basis of eigenfunctions ¢, ;, i=1,...,4d,,1=0,1,2,.... Thesefunctions
are also eigenfunctions of K, and the eigenvalues of ¢, ,, ..., ¢, 4 With respect to K,
are equal. We shall denote this eigenvalue by 8,(A).

To prove (3.13) it is enough to prove that we can choose A{n) such that

an;B,(A(n))"=exp(—a,) vi=0,1,2,... (3.14)

since this implies that, for =0,

lim (¢, Ki(n ) = (e, exp(=tL)¢) (3.15)

for all ¢, ¥ € ¥ which are finite linear combinations of the ¢;, (here (-,-) denotes the
inner product in ). Since || K, | = |lexp(—L)}|| =1 and the set of finite linear combina-
tions of ¢, ; is dense in &, it follows that (3.15) holds for all ¢, ¢ € #. From this (3.13)
follows for all ¢ € #, since

IK Xime —exp(~tL)e|* = (¢, Kiln@) = (K@, exp(=tL)e) = (exp(—tL) ¢, K {()¢)
+ (¢, exp(=2tL)p)—>0 as n- o,

In order to prove (3.14) we fix a North pole # on $°' and denote the azimuthal
angle of 7 S?7! with respect to A by 8(F), i.e. cos 6(#)=#A- 7 It is well known (see
[14]) that it is possible to choose the functions ¢, ; such that ¢;,,/=0,1,2,..., depends
only on 7 through 6(7). We suppose in the following that we have made such a choice
and denote the function ¢, ,(¥) as a function of 6 by ¢,(#). Inserting 7, =# into the
eigenvalue equation

-~

1 F 7 7 2 A
Nony | P OG, P2))]en(R) dU(F) = Bi(A) e (71) (3.16)
we obtain
1 . i L
Ny | SXPL A8 (8(7) dOU(P) = Bi(A )i (0). (3.17)

Furthermore, it is well known that (see, e.g., [14])

(Le)(0) = —@(8) ~(d —2) cot 6¢1(8)|p=0=~(d —1)¢](6) (3.18)

and

¢:1(0)=0. (3.19)
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Using the Taylor expansion
¢1(8) = @,(0)+ 676 (0)+ 6°¢(6)

where |¢(8)| = O(1), together with (3.18) in (3.17), we obtain

~mj exp[~Af(6(7)16(7)? d(F)

L S

#1(0) No(1)

Next we note that the quantity

1
“T@-1DN()

tends to zero as A » 0. This follows from the fact that f by assumption is continuous
and only vanishes at # =0. Similarly, it follows that the last term in (3.20) tends to
zero faster than ¢, as A -» 0. Thus, choosing A(n) such that

Bl(/\)zl

J exp[—Af(8(F)16(7) ¢ (8(F)) dQ(F). (3.20)

J exp[—Af(0(7))]16(F)* dQ(F) (3.21)

ney =1 as n- o (3.22)
we obtain

ll_{{’lo Bi(A(n))" = ,l.l_.rg (1= acy(mytolerim))" =exp(—ay) (3.23)
as desired.

We remark that it follows from (3.13) that for any set f,, . . ., f of bounded functions
on S9! viewed as multiplication operators on ¥ and for t;,t,,..., 4 =0
K,l\'("n)flKiz(nn)fz o K30n fup > exp(—t, L) f;

x exp(—tL)fs. .. exp(—tL)fep as n-oo (3.24)
for all p € .

Combining this result with (3.8) we obtain the continuum limit of the expectation
value in (3.8) as

an;lo <f1(;lln) '.fz(?(z,+:2)n) e ‘fk(?(zﬁu.ﬂk)n»/\(n)

=(1, fiexp(—t,L)f,- ... exp(—tL)fi* 1) (3.25)

where 1 denotes the constant function 1 on §97".

This is just the Feynman-Kac formula expressing that the continuum limit of the
spin chain under consideration is represented by Brownian motion on $%~'. This fact
has been established for the one-dimensional Heisenberg model, i.e. for f(8) =1~ cos 6,
in [15]. The present calculations exhibit the universal character of the result in a
simple fashion.

Let us also note that the region in the (B, A) plane, where the two-point function
Gg, . (0, x) is finite, looks as indicated in figure 1. Defining the susceptibility x (8, A) by

xX(B,A)= I dx Gg (0, x) (3.26)

it follows from (3.2) that

X(B.A)= £ N(BYTINO)" (327)
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Thus the critical line in figure 1 is determined by the equation
Nl(B)Nz(/\)=1 (3.28)

and, of course, depends on the functions h and f

The results derived above tell us that the continuum limit of G4 ,, on the critical
line, is a free propagator (or Brownian motion in RY), whereas in the limit A - c0 and
B >0 fixed we obtain Brownian motion on §7', as far as the step correlation functions
are concerned.

A simultaneous continuum limit of G4 ,(0, x) and of expectation values of functions
of the step variables, i.e. of expectations of the form (3.8), can only exist at (8,A)=
(0, ). In order to discuss this limit we define the masses w(B, A) and m(A) by?

MBJ):g!H?}cl%IIOg Gp A0, x) (3.29)
and
m(X)= —'l]i_)rroxcilog(?o P (3.30)
as in § 2. Then we require
HM» constant as (B, A)—> (0, ) (3.31)
m(A)

which determines A as a function of S.

Instead of elaborating on (3.31) we shall discuss the relation between the continuum
limits of Gg , and of tangent-tangent correlations in a more direct way.

Starting with (3.2) we use the fact that the Fourier transform Gg , of Gy, is given
by
Gealg)=Y J'drl...dr,, Po(r))P(ry, 1) ... P(r,_y, r) expl—ig- (r,+...+r)].

n=1
(3.32)

Defining

Fla- P=F() =55 f dirllr}*™" exp{~Bh(Ir)] expl—i(g- #) - [r(] (3.33)

and taking P,(r) = N,(B) "' exp[—Bh(r)] (see the appendix), (3.32) can be rewritten as
Gpalg)= "‘Zl Ni(B)" ' N2 (A)" j dQ(#,) ... dQ(7.)F(q- 7)) K, (F, Fy)
X F(q- i) Ka(#y, 75) ... F(q- Fa_ ) Ko (Fooy, F)F(q- 7,)

= 1 N8 N, Fi(KAF)™) (334)

where F, is considered as a multiplication operator on % = L*(S?™",dQ) and K, is

defined by (3.6) and (3.9). _
The continuum limit of G4 ,(g) is defined as

G(Q)=}9i_)nolo en_zcme),ue)(aﬂ(ﬂ (3.35)

T We assume here that h increases sufficiently rapidly so that the limit (3.29) is positive on the right of the
critical line.
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where (B(6), A(8)) are chosen according to (3.31) and 7 is the anomalous scaling
dimension, chosen such that the limit is finite.
We now note that

K3 o) exp(—AgL) (3.36)
if A(8) is chosen suitably (see (3.13)), and that

F, ()’ =F(67'q- 7)* >exp(F'(0)q- 7) (3.37)
since F(0)=1. Thus it follows from the Trotter product formula? that

(K xo)Fa/6)° > exp(=AgL+ F'(0)q- ) (3.38)

where the function g 7 on §¢! is regarded as a multiplication operator.
We now see from (3.35) that, if we set n = 6t, and choose 8(8) such that

[N1(B(8))N>(1(6)))° > exp(—Br) (3.39)
and take

n=1 (3.40)
then the sum in (3.34) turns into an integral over t and we get

Glq) = rdteXP(—BRt)(l,eXp[~(ARL—icq- F)eln)

=(1, (AgL—icqg- F+Br)"'1) (3.41)

where we have set F'(0)=ic (ceR).

In particular, we see from (3.41) that the continuum limit is independent of the
function h, as expected, since the constant ¢ can be absorbed into a redefinition of Ag
and Bg.

We emphasise that this expression for the propagator is different from the sym-
metrised continuum limit of the lattice propagator (2.42) (for any value of Bg, Ag).
One way to see this is to expand both expressions (2.42) and (3.41) in powers of g
(for Bg #0). This result is perhaps a little surprising, and is further discussed in the
conclusion.

Remark. The construction leading to G(q) above is applicable in a more general
setting. Let M be a self-adjoint operator on L*(R?) such that the kernel Q.(r, r) of
exp(—tM) is positive, and such that M has a positive ground-state wavefunction (1, i.e.

J‘ Qi(r, rQ(r) dr' = Q(r). (3.42)
Then
R(r, /)Y =Q(r)'Q,(r, "Q(+) (3.43)

is positive and can be interpreted as a transition probability since

J R(r,r)dr=1. (3.44)

+ In order for this formula to be applicable one has to make sure that the convergence in (3.36) is sufficiently
rapid. We do not elaborate on this point here.
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We now define a two-point function by

© n—1

Gpalr;, x)= Y exp(—pBn) J‘ R, (r,, rz)...R,\(r,,_l,x— y ri) dry...dr,_, (3.45)

n=

whose Fourier transform is

o«

Gor(r;9)=Y eXp(—Bn)J Ry(ri,r) ... R(ry.y, ) eXp(—iq- i r,-) dr,...dr,

n=1 1

= i exp(_Bn) J'Q(rl)ﬁlol\(rh r2) L QA(rn—la rn)

n=1

xexp(—iq-Zri)ﬂ(r,,)drz...dr,,. (3.46)
1

Here r, is the initial velocity (or the first step).
The continuum limit is defined as in (3.35), and by applying the Trotter product
formula one finds the continuum propagator

[o ol

G(ryq)= J‘ ds exp(—Brs)Q(r:) " exp[~s(AxM +ig- )I(ry, r)Q(r) dr’

o

= r ds exp(—Brs)Q(r,)'(8,,, exp[—s(AgM +ig - 1)]1Q)

0

=Q(r)7'(8,,, (ArM +ig- r+Bg)"'Q) (3.47)
if B and A are chosen as
B=06""Br A=07""Ag. (3.48)

As an illustration let us consider the ordinary Ornstein-Uhlenbeck process, for
which we take

M =—30+3r"-3d (3.49)
i.e. M is the Hamiltonian of the harmonic oscillator, and
Q(r)= 7" exp(—3r). (3.50)
Observing that
M+ig- r=—3A+3(r+ig)*~3d +1q° (3.51)

and that A is translation invariant we have
exp[—t(M +iq- r)](r,, r;) = exp(—3t9*)Q,(r, —ig, r,—iq). (3.52)
Q, is given by Mehler’s formula:
Qur, ) =71 —exp(-20)]"*/* exp[ ~[1 —exp(-21)]""
x{(ri+r)i1+exp(—21)] -2 exp(=1)r, - )] (3.53)
$0
R,(ry, r)=m 4 [1—exp(—2t)] " ? exp{~[1—exp(—=20)] '[exp(=t)r, - r,}}}.  (3.54)
From (3.53) one gets that
1—exp(—1)

Qri—ig, r,—iq)=Q/{ry, ry) exP<1 +exp(—t)

[‘12+i4("1+"2)])- (3.55)
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Using this formula together with (3.52) in (3.47) one finds

o 2

é(r,; q)= J ds exp(-—ﬁRs———q > (2Ags —3+4 exp(—Ags)
0 4AR
_exp(“zl\Rs))-l'Xl—(l —exp(—Agrs)q- r). (3.56)
R

This result equals the Fourier transform of the standard form of the Ornstein-Uhlenbeck
propagator [16].

Note, finally, that for all the processes constructed by this procedure, the anomalous
dimension 7§ is equal to 1.

4. Conclusion

The universality of the ordinary random walk is ensured by the central limit theorem
or, phrased differently, the Markovian nature of the random walk. If we consider
discretised random walks like the ones in §§ 2 and 3, the curvature-dependent inter-
actions introduced there couple two neighbouring steps in such a way that the stochastic
process is not Markovian in the step variables.

As expected, such short-range interactions do not change the critical behaviour of
the random walks. For the piecewise linear model considered in § 3 this follows directly
from a generalised central limit theorem (see the appendix), which allows us to reach
the same conclusions as for the ordinary random walk. Only if we take the coupling
constant of the curvature-dependent term in the action to infinity can we expect to get
something qualitatively different from the ordinary random walk.

It is worthwhile rephrasing this in the language of the renormalisation group. It
can be shown that the coupling constant a(= A~") in front of the curvature-dependent
term is asymptotically free [10, 13]. For the regularised theory this implies that « =0
(A =0) is an ultraviolet stable fixed point. The only other fixed point on the critical
line in the (B, A) coupling constant plane (see figure 1) is the point (B,, A =0),
corresponding to the critical point of the ordinary random walk. This point is infrared
stable. Therefore, starting at a finite A, we will always be taken to this fixed point by
the renormalisation group and the critical theory for finite A. is identical to one at
A =0, as we indeed have verified by an explicit calculation. Only at A =00 have we
any chance of constructing a scaling limit corresponding to (1.1) with A (continuum) # 0.

It is important to keep in mind that the continuum theory (defined by (1.1)) contains
higher-derivative terms. Consequently, it is clear that the two-point function G, being
the inverse of a third-order differential operator, cannot only be a function of the
endpoints but must also have some reference to the initial value of the tangent, r,, to
the random walk.

There should not and does not exist a universal G(x, y) which is model independent
(after averaging over initial velocities), a fact which is exemplified by the three cases
we have considered explicitly: the random walk on the lattice, the piecewise linear
random walk and the Ornstein-Uhlenbeck velocity process.

In the lattice case, the distribution of tangents was chosen to be uniform among
the 24 different ones (see (2.23)), since otherwise the propagator does not inherit the
symmetry of the lattice. In the piecewise linear case considered in § 3, the distribution
of r, was given by the product of the uniform distribution on the sphere and the weight
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function exp[—h(|r])] (see (3.34)). In the Ornstein-Uhlenbeck case we chose the
ground-state wavefunction of the generator of the process.

The difference between these three theories can be understood as follows. The first
two processes have the common property that the length of subsequent steps are
uncorrelated. This is a direct consequence of the scale invariance of the curvature-
dependent part of the action. For the Ornstein-Uhlenbeck process and its generalisa-
tions the steps are correlated both in magnitude and direction.

The lattice walk can be regarded as a generalised one-dimensional Ising model,
where the spin vectors can point in 2p different directions. The piecewise linear walks
can be regarded as a classical one-dimensional spin chain and thus it should not be
surprising that their scaling limits can be different, since the dynamical variables (i.e.
the steps) have different symmetries. It is noteworthy that averaging over the rotation
group does not make the lattice propagator equal to the one constructed from piecewise
linear walks.

It is a most challenging problem to generalise the results of this paper to random
surfaces. The first steps in that direction have been taken in [6], where it is shown
that the phase diagram is similar to figure 1 and the extrinsic curvature coupling is
asymptotically free. In the random surface theory the role of the mass of the tangent-
tangent correlation is played by the string tension. In this case it is not clear whether
the normal vectors to the surfaces have long-range correlations but it is tempting to
conjecture that the vanishing of the string tension is equivalent to the divergence of
the correlation length of normals. The role that a simple random walk plays in this
paper is presumably taken over by branched polymers in the case of surfaces (see [7]).
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Appendix

Let X;, X,, ..., be random variables in R? which are to be interpreted as the steps of
a random walk starting at 0, such that the joint probability distribution of X,,..., X,
is given by

Prx(xly ey xn) = PO(XI)P(xh x2) e P(xn-—la xn) (Al)
and the conditional probability density P(x, y) of a step y given by the previous step

x is given by

P(x, y) =~ exp[~Bh(|y]) = Af(8(x, ))] (A2)

N(B,A)

where 6(x, y) denotes the angle between x and y, f is a continuous function on [0, 7],
h is a function on R, such that | |y|* exp[-B8h(]y|)] dy <o, ¥B >0, and N(B, A) (which
is independent of x) is determined by

J P(x,y)dy=1. (A3)
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Furthermore, Py(x,) is a fixed probability density of the first step. In the following
we shall choose

Py(x) = (f exp[~Bh([])] dy)" expl~Bh(|x])] (A4)

since the sequence X, X,, ..., is then stationary, but it is conceivable that the result
stated below is independent of the choice of P,.

We shall prove the following.

If A is fixed, then the probability disiribution of the variables

z Xt X (AS)
n
converges to a normal distribution
Nalz)=(2m) “*(det A)"'? exp(—1zAz) (A6)
for some positive d X d matrix A depending on 8 and A in the sense that
lim P(Z,,<a)=j Na(z)dz (A7)
>0 Z<a

for all a € RY, where z < a means that each coordinate in z is less than the corresponding
coordinate in g, and P(Z, < a) denotes the probability that Z, < q, i.e.

P(Z,,<a)=J‘ P.(xy,...,x,)dx,...dx,.

(1/n}{x;+..+x,)}<a

This result is a rather simple consequence of a local central limit theorem for weakly
dependent random variables as formulated, e.g., in [17], theorem 18.5.1. That theorem
is only formulated for real random variables, but, by considering the variables
a-X,,a*X,,..., where acR? is fixed, it follows easily that it also holds for vector
valued random variables.

We show below that

o= ’[ (4. .+ %) Po(xy, ..., x,) dx, . .. dx,~cn+c, (A8)
as n- 00, where ¢, and c, are constants. Furthermore, it is clear that

J'xﬁP,,(x,,...,xn)dxl...dx,,<00. (A9)
Knowing that (A8) and (A9) are fulfilled it is enough to prove that the sequence

X1, X3, ..., is uniformly mixing according to [17], i.e. we have to show that

P((Xl"";Xn)EA,(Xn+m+],---;Xn+m+k)eB)
P((X],...,X,.,)EA)
_P((Xl,'~'aXn)EA)P((Xn+m+1,---aXn+m+k)€B)

P((Xl""an)EA)
tends to 0 as m - 0. Here the supremum is taken over all n, ke N and all non-zero

r(m}= sup
nk A B

(A10)
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measurable sets AcR", B< R, and
P((Xl,...,X")eA)=J P.(x),...,x,)dx;...dx,. (A11)

In order to prove that +(m)->0 as m >0, we shall rewrite (A10) a little. Let
%, = L*(R? du) be the Hilbert space of square integrable functions on R? with respect
to the measure

du(x)= Py(x) dx (A12)

where P, is given by (4). Denote the inner product on &, by ( | ) and let Q be the
operator on #,, whose kernel with respect to du is

Qx.3) = 37075 exPL-M (65, )] (A13)
where the normalisation constant M(A) is defined by

J' Q(x,y)dy=1. (A14)
Thus

(QN(x) = j Q(x, »)f(y) du(y) (A15)
for fe %,.

Considering %, as L*(R.,dv)® L*(§"!, dQ) where

dv(r)= <ch prdt exp(—pBh(r)) dr’)_ pd! exp(—Bh(r))dr

0

and dQ is the uniform measure on S?”' considered in § 3, we notice that
Q=e®K,

where e is the projection in L*(R,,dv) onto the constant functions and K, is the
operator on L*(S?7', dQ) defined in § 3. In particular, it follows that the non-zero
eigenvalues coincide with those of K, and the eigenfunctions are tensor products of
1e L*(R,,d») with the corresponding eigenfunctions of K, (spherical functions).
Thus, when acting on those functions we may identify Q with K.

It is then clear that

Po(xi, oo, X)) dxy o dx, = Q(xy, %) - QX X,) dp(xy) . dp(x,). (A16)

It is also obvious that Q is a symmetric operator on &, with positive kernel and with
norm < 1. Furthermore, the constant functions are eigenfunctions with eigenvalue 1.
According to the Perron-Frobenius theorem 1 is then a non-degenerate eigenvalue
and it is easy to see that —1 is not an eigenvalue. Thus, in particular, all eigenfunctions
except the constants correspond to eigenvalues that are numerically less than 1.

We note that by rotational invariance (see § 3) the function

¢ (x) =ﬁx‘ X (A17)
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is an eigenfunction for Q with eigenvalue a <1 for any x,€ R"\{0}. Thus it follows
from (A16) that for i<j=<n we have

Jx,--xJ-P,,(x,,...,x,,)dx,...dx,,
= J' X0 %,Q(xi, Xiv1) ... Q(x;-y, x;) du(x)) . .. du(x;)

=gl J x*du(x) (A18)

from which (A8) easily follows.
Returning to (A10), it follows from (A16) that, if for given Ac R" and B < R*, we
define

flx)= J‘ Qxy, X2} ... Q(xp-y, x) dp(xy) ... dp(x,-y)
(X),Xp_1.X)EA
(A19)
and

g(X)=J Qx, x3) ... Qxk—1, X)) dpu(x2) . .. dpe () (A20)
(X,X3,...., X, JEB
then f, g=0 and

Uf1)=Jf(x)du(X)=P((Xl,--.,X..)GA) (A21)

<1 ‘g> = J' g(x) d#’(x) = P((Xn+m+1’ sy Xr1+m-f—k)E B) (A22)

and

(fl ng> = J‘ f(xn)o(xn’ xn+l) o Q(xn+ms xn+m+l)g(xn+m+l) d,u(x,,) e d“(xnﬁ-m-ﬂ)

= P((Xl, ety Xn)e Aa (Xn+m+1a U ] Xn+m+k) € B) (A23)
Thus we have that

Kf1Q™g)—(f11X1]g)|

==
m= o (A24)
I lgr=1

where the supremum is over all non-negative functions f, g € %, whose integrals are <1.
Since Q is rotationally invariant its non-zero eigenvalues Ao=1,A,, A,,..., are
degenerate with the same eigenfunctions and multiplicity d,,/=0,1,2,..., as the
eigenvalues of the Laplace-Beltrami operator on S%7'. We let ¢o=1, ¢,,,..., P1d,»
®215 -5 P24, - - . , denote the corresponding normalised eigenfunctions. Then we have

that (after ordering the non-zero eigenvalues suitably)
|| = cl® I=1,2,...;i=1,...,d (A25)

for some constants ¢, 8 depending only on the dimension d (see, e.g., [14]). Moreover,
the multiplicity d; satisfies

d~c'l® as I->00 (A26)
where ¢’, 8’ again only depend on d (see [14]) (and 8'>0 if d > 2).
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Expanding (f| Q™g) in terms of the eigenfunctions of Q, we now get

kflQm -1l | & & | . {flewenls)
<f[1> _!lgl iglAl (fll)

e dl
= [; ; [A]™(el?)?

=c? Y dP?[a" (A27)
I=1

for f,g=0 and (f|1), (g|1)=1.
Since Q is clearly Hilbert-Schmidt we have that

Z IA[‘zd, <0
1=1

and hence, by (A26),
|A)| < constant x I7°/2, (A28)

From (A24) and (A26)-(A28) it easily follows that 7(m) - 0 as m - o, as desired, for
d>2. For d=1,2 we have § =8'=0 and the result also follows.
For d =2 a result similar to the one presented in this appendix was proven in [18].
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